With bichromatic fields, it is possible to deterministically produce entangled states of trapped ions. In this paper we present a unified analysis of this process for both weak and strong fields, for slow and fast gates. Simple expressions for the fidelity of creating maximally entangled states of two or an arbitrary number of ions under nonideal conditions are derived and discussed.
I. INTRODUCTION
Quantum computing relies on the ability to perform a collection of unitary evolutions of a quantum system, composed of a number of two-level systems ͑the qubits͒, and it is a key result that a small set of so-called universal gates exists, which may form the basis for the entire computation ͓1͔. The development of proposals for physical implementation of quantum computing has followed different routes, according to the various views one may have on the quantum dynamical processes. ͑i͒ One may view a gate operation on a single qubit or on several qubits as a controlled transition from initial to final states, and one may implement it by a Hamiltonian, or a sequence of Hamiltonians, that couple these states directly. ͑ii͒ One may consider Hamiltonians that couple quite many states, but where unwanted operations are dynamically suppressed by resonance conditions or by ''bang-bang'' Hamiltonians ͓2͔. ͑iii͒ One may depart from a more systematic analysis of the Lie algebra generated ͑by commutation͒ from a given set of basic Hamiltonians. If one has access to Hamiltonians H 1 and H 2 with variable strength parameters 1 and 2 , subsequent application over shorttime intervals dt of 1 H 1 , 2 H 2 , Ϫ 1 H 1 , and Ϫ 2 H 2 leads to the evolution operator (បϭ1) so that effectively the Hamiltonian i͓H 1 ,H 2 ͔ is obtained. As expressed by Lloyd ͓3͔, ''By going forward and backing up a sufficiently small distance a large enough number of times, it is possible to parallel park in a space only longer than the length of the car.'' If H 1 and H 2 commute with the commutator ͓H 1 ,H 2 ͔, the higher-order terms in dt vanish exactly, and one may apply H 1 and H 2 for arbitrarily large dt and ''make a round trip in the parking lot and park in one single operation.'' Different proposals for quantum computing with trapped ions can be roughly categorized according to the lines above: In their original proposal ͓4͔, Cirac and Zoller noted that lasers resonant with sideband excitation of the trapped ions couple the ground and first vibrational states conditioned on the internal state of the irradiated ion, and subsequent irradiation of a second ion can couple its internal states conditioned on the vibrational state. We have formulated a proposal for two-bit ͓5͔ and multibit ͓6͔ gates in the ion trap, which makes use of resonance conditions to couple certain states of the two-particle system. In our proposal we apply bichromatic light which selects certain virtually excited intermediate states, and by choosing appropriate parameters we show that the desired internal state dynamics of the ions may be perfectly achieved, even if the vibrational degrees of freedom, used to couple the ions, are not in their ground state. Recently, Milburn ͓7͔ proposed a realization of a multibit quantum gate in the ion trap, which also operates when the ions are vibrationally excited: Adjusting the phases of laser fields resonant with sideband transitions, one may couple internal state operators to different quadrature components, e.g., position and momentum X and P of the oscillatory motion. In Ref. ͓7͔ it is was proposed to use the two Hamiltonians H 1 ϭ 1 J z P and H 2 ϭ 2 J z X, expressed in terms of the collective spin operators J ϭ ͚ k j k (ϭx,y,z), where the sum is over the ions irradiated by the lasers, and where j k is the spin operator for the atom k, which may be defined by the Pauli spin matrices j k ϭ k /2 (បϭ1 , ͑2͒
because the commutator of the oscillator position and momentum is a number. The interaction contained in J z 2 between the ions has been established via the vibrational degrees of freedom, but after the gate this motion is returned to the initial state and is not in any way entangled with the internal state dynamics. Milburn also considered the possibility of coupling different individual internal state operators successively to X and P, so that the commutator term provides the product of such operators.
In this paper, we shall demonstrate that our bichromatic excitation scheme is in fact already a realization of the proposal by Milburn, and that a gate operation more rapid than concluded in Ref. ͓5͔ is possible. We show that our bichromatic scheme implements a propagator of the form e ϪiA()J y 2 which is analogous to the one obtained by Milburn ͓Eq. ͑2͔͒. In Ref. ͓6͔ it was shown that this propagator can be used to prepare maximally entangled states (1/ͱ2)(͉gg•••g͘ ϩe i ͉ee•••e͘) of any number of ions (N), where the kth letter denotes the internal state e or g of the kth ion. These maximally entangled states, which are interesting in their own right ͓8͔, are produced by applying the unitary operator e i/2J y 2 to a string of ions initially in the state ͉gg•••g͘, and they may be produced even without experimental access to individual ions in the trap.
In this paper we focus on the preparation of maximally entangled states. This is convenient both for theoretical presentation and to emphasize results which are most easily verified experimentally. However, the procedures described here also apply to quantum computation. With two ions illuminated by laser light, the bichromatic scheme produces (1/ͱ2)(͉gg͘Ϫi͉ee͘) and together with single-qubit rotation this evolution forms a universal set of gates which may be used to constuct a quantum computer. The CONTROL-NOT operation ͓1͔, for example, may be obtained by applying single-ion operations on each ion before and after the bichromatic pulse, which creates the state (1/ͱ2)(͉gg͘Ϫi͉ee͘) from ͉gg͘.
In Sec. II, we recall our proposal for a two-qubit gate operation, and we show that it is equivalent to the proposal of Milburn, with a harmonic rather than a stroboscopic application of Hamiltonian coupling terms. In experiments it may be difficult to fulfill the requirements for the analysis of Sec. II to be precise, and in Sec. III we address the fidelity with which certain entangled states may be engineered when we take into account the off-resonant couplings and the finite value of the Lamb-Dicke parameter. In Sec. IV we study the influence of the environment on the system. We analyze the role of spectator vibrational modes and energy exchange between the ionic motion and thermal surroundings. A summary of our results and a conclusion are presented in Sec. V.
II. GATE OPERATION UNDER IDEAL CONDITIONS
Ions in a linear trap interacting with a laser field of frequency may be described by the Hamiltonian
where is the frequency of the vibration, a † and a are the ladder operators of the quantized oscillator, eg is the energy difference between the internal states e and g, and ⍀ i is the resonant Rabi frequency of the ith ion in the laser field. The exponentials account for the position dependence of the laser field, and the recoil of the ions upon absorption of a photon. The positions of the ions x i are replaced by ladder operators kx i ϭ i (aϩa † ), where the Lamb-Dicke parameter i represents the ratio between the ionic excursions within the vibrational ground-state wave function and the wavelength of the exciting radiation. In Eq. ͑3͒ we have assumed that the laser is close to a sideband Ϸ eg Ϯ for a single vibrational mode, and that we may neglect the contribution from all other vibrational modes. We tune the lasers close to the center-of-mass vibrational mode where all ions participate equally in the vibration, so that the coupling of the recoil to the vibration is identical for all ions, i.e., i ϭ for all i. For simplicity we also assume the same Rabi frequency for all ions participating in the gate ⍀ i ϭ⍀. In this section we will consider an ion trap operating in the Lamb-Dicke limit, i.e., the ions are cooled to a regime with vibrational numbers n ensuring that (nϩ1) 2 Ӷ1, so that we may perform the ex-
A. Weak-field coupling
In a previous paper ͓5͔ we assumed that two ions in the string were both illuminated with two lasers of opposite detunings Ϫ eg ϭϮ␦. With this choice of laser detunings the only energy conserving transitions are from ͉ggn͘ to ͉een͘ and from ͉gen͘ to ͉egn͘, where n is the quantum number for the relevant vibrational mode of the trap; cf Fig.   1 . We considered the weak-field regime ⍀ӶϪ␦, where only a negligible population is transfered to the intermediate levels with vibrational quantum numbers nϮ1. In this regime the effective Rabi frequency ⍀ for the transition from ͉ggn͘ to ͉een͘ may be determined in second-order perturbation theory,
where we have used the intermediate states ͉m͘ϭ͉egnϮ1͘ and ͉genϮ1͘, and where m is the frequency of the laser exciting the intermediate state ͉m͘. For the transition from ͉egn͘ to ͉gen͘, we obtain the same effective Rabi frequency. The remarkable feature in Eq. ͑4͒ is that it contains no dependence on the vibrational quantum number n. This is due to interference between the paths shown in Fig. 1 . If we take a path where an intermediate state with vibrational quantum number nϩ1 is excited, we have a factor of nϩ1 appearing in the numerator (ͱnϩ1 from raising and ͱnϩ1 from lowering the vibrational quantum number͒. In paths involving the vibrational state nϪ1, we obtain a factor of n. Due to the opposite detunings, the denominators have opposite signs, and the n dependence disappears when the two terms are subtracted. The coherent evolution of the internal atomic state is thus insensitive to the vibrational quantum numbers, and it may be observed with ions in any superposition or mixture of vibrational states. The coherent evolution may even be seen if the vibrational quantum number n changes during the gate due to heating ͓5͔.
B. General field coupling
We now consider the interaction without restricting the parameters to a regime where no population is transfered to states with different n. For this purpose it is convenient to change to the interaction picture with respect to H 0 . In the Lamb-Dicke limit, with lasers detuned by Ϯ␦, the Hamiltonian becomes H int ϭ2⍀J x cos ␦tϪͱ2⍀J y ͓x"cos͑ Ϫ␦ ͒tϩcos͑ ϩ␦ ͒t… ϩp"sin͑Ϫ␦ ͒tϩsin͑ ϩ␦ ͒t…͔, ͑5͒
where we have introduced the dimensionless position and momentum operators, xϭ(1/ͱ2)(aϩa † ) and pϭ(i/ͱ2)(a † Ϫa), and the collective spin operators discussed above Eq.
͑2͒.
Choosing not too strong laser intensities ⍀Ӷ␦, and tuning close to the sidebands Ϫ␦Ӷ␦, we may neglect the J x term and the terms oscillating at frequency ϩ␦ in Eq. ͑5͒, and our interaction is a special case of the Hamiltonian:
The exact propagator for Hamiltonian ͑6͒ may be represented by the ansatz U͑t ͒ϭe
and the Schrödinger equation i(d/dt)U(t)ϭH int U(t) then leads to the expressions
With f (t)ϭϪͱ2⍀ cos(Ϫ␦)t and g(t)ϭϪͱ2⍀ sin( Ϫ␦)t, following from Eq. ͑5͒, we obtain
In the xp phase space the operator U performs translations (x, p)→"xϩJ y G(t),pϪJ y F(t)… entangled with the internal state of the ions.
Apart from a change of basis from J z to J y , the interaction considered by Milburn ͓7͔ may also be put in this form, with f (t) and g(t) alternating between zero and nonvanishing constants. Within the present formulation, the trick in Ref.
͓7͔ is to use functions f (t) and g(t) such that F(t) and G(t) both vanish after a period . At this instant the vibrational motion is returned to its original state, and the propagator reduces to U()ϭe
ϪiA()J y 2 , i.e., we are left with an internal state evolution which is independent of the external vibrational state. This decoupling is possible because the effective internal state transition is completed in the same amount of time for all vibrational components and because the ac Stark shift of the atomic levels due to the laser fields are independent of the value of n. In the weak field case these properties are ensured by the interfering coupling amplitude in Fig. 1 ; see the detailed discussion in Ref. ͓5͔ . In the general case it follow from the formal structure of Eq. ͑7͒. According to Eq. ͑8͒ the acquired factor A() is equal to the area swept by the line segment between "G(t),0… and "G(t),ϪF(t)…, as shown in Fig. 2 . If "G(t),ϪF(t)… forms a closed path, A(t) is plus ͑minus͒ the enclosed area if the path is traversed in the ͑counter͒ clockwise direction. In the proposal by Milburn successive constant Hamiltonians proportional to x and p are applied and the area enclosed by "G(t),ϪF(t)… is rectangular. In our proposal the area is a circle of radius ͱ2J y ⍀/(Ϫ␦), as illustrated in Fig. 2 .
With the propagator in Eq. ͑7͒ we may calculate the time evolution of the system. Suppose that the ions are initially in the internal ground state and an incoherent mixture of vibrational state as described by the density matrix
The time evolution of the internal state density operator ϭTr n ( tot ) with any number of ions N may be found from a 1 . . . 
where L n is the nth-order Laguerre polynomium. These expressions can be evaluated in different regimes.
In the weak-field regime ⍀ӶϪ␦, the xp phase-space trajectory is a very small circle, which is traversed several times. F(t) and G(t) are negligible for all times, and e ϪiF(t)J y x e ϪiG(t)J y p is approximately unity, such that we have an internal state preparation which is disentangled from the vibrational motion throughout the gate. Since A(t) ϷϪ 2 ⍀ 2 t/(Ϫ␦) if (Ϫ␦)tӷ1 the time evolution corresponds to the one obtained from an effective Hamiltonian Hϭ⍀ J y 2 , and Eq. ͑10͒ describes simple Rabi oscillations between the states ͉gg͘ and ͉ee͘. This is demonstrated in Fig. 3͑a͒ , which shows the time evolution described by Eq. ͑10͒. The curves show sinusoidal Rabi oscillation from ͉gg͘ to ͉ee͘ superimposed by small oscillations due to the weak entanglement with the vibrational motion.
Outside the weak-field regime the internal state is strongly entangled with the vibrational motion in the course of the gate. For successful gate operation we have to ensure that we return to the initial vibrational state at the end of the gate by choosing parameters such that G()ϭF () 
͑12͒
In order to avoid off-resonant excitations of the ions, we must require ⍀ 2 / 2 Ӷ1 and 2 must be much less than unity to fulfill the Lamb-Dicke approximation ͑see Secs. III A and III B͒. For a given trap and/or laser intensity, Eq. ͑12͒ sets a bound on the speed of the gate. In Table I we give some numerical examples for the time of the gate for some typical experimental parameters. The CONTROL-NOT operation, which plays a central role in quantum computation ͓1͔, may be created by a combination of single-particle rotations and a bichromatic pulse with the duration described by Eq. ͑12͒. The single-particle operations may be performed much faster FIG. 3 . Time evolution of density-matrix elements for two ions calculated from Eq ͑10͒. ͑a͒ Weak-field regime. ͑b͒ Fast gate. The first curve ͓counting from above at tϷ1000 in ͑a͒ and tϷ130 in ͑b͔͒ represents gg,gg , the second is the imaginary part of gg,ee , the third is ee,ee , and the last is the real part of gg,ee . The ions are initially in the internal state ͉gg͘ and a thermal vibrational state with an average of two vibrational quanta. In ͑a͒ the physical parameters are ␦ϭ0.9, ϭ0.1, and ⍀ϭ0.1. In ͑b͒ the physical parameters are ␦ϭ0.95, ϭ0.1, and ⍀ϭ0.177. The parameters in ͑b͒ are chosen such that a maximally entangled state (1/ͱ2) ϫ(͉gg͘Ϫi͉ee͘) is formed at the time tϷ250, where the circular path in Fig. 2 has been traversed twice. than the two-qubit gates, so the time required to perform a CONTROL-NOT operation is also given by Eq. ͑12͒.
III. NONIDEAL CONDITIONS
In Sec. II, we used the Lamb-Dicke and the rotating-wave approximations to arrive at an exactly solvable model. In this section we perform a more detailed analysis of the validity of the approximations and we estimate the effect of deviations from the ideal situation in an actual experiment. The general procedure in the section is to change to the interaction picture with respect to the simple Hamiltonian ͑6͒, using the exact propagator in Eq. ͑7͒, and to treat the small deviations from the ideal situation by perturbation theory. The figure of merit for the performance of the gate is taken to be the fidelity F of creation of the maximally entangled N-particle Going from Eq. ͑5͒ to Eq. ͑6͒, we neglected a term H d ϭ2⍀J x cos(␦t). This term describes direct off-resonant coupling of g and e without changes in the vibrational motion. For high laser power this term has a detrimental effect on the fidelity, which we calculate below.
Changing to the interaction picture, we may find the propagator U I (t) from the Dyson series,
where the interaction Hamiltonian is given by
is oscillating at a much higher frequency than the propagator U(t), we may treat U(t) as a constant during the integration, and we obtain
Near the end point, U(t)Ϸe i(/2)J y 2 and we obtain the fidelity
where N is the number of ions participating in the gate.
In Fig. 4 we plot the product of the fidelity due to the carrier ͓Eq. ͑16͔͒ and the population of the EPR state (1/ͱ2)(͉gg͘Ϫi͉ee͘) expected from the time evolution in Eq. ͑10͒. The result agrees well with the result of a numerical integration of the Schrödinger equation with Hamiltonian ͑5͒.
If the duration of the laser pulses can be controlled very accurately in the experiment, so that one fulfills both Eq. ͑11͒ and 2␦ϭ2KЈ, the effect of the direct coupling vanishes. If one cannot perform such an accurate control, the net effect of the direct coupling is to reduce the average fidelity by N⍀ 2 /2␦ 2 (ϭ0.03 for the parameters of Fig. 4͒ .
B. Lamb-Dicke approximation
In Sec. II we used the Lamb-Dicke approximation e i(aϩa † ) Ϸ1ϩi(aϩa † ) to simplify our calculations. Now we investigate the validity of this approximation.
In the weak-field case, we can use the exact matrix elements
to obtain the effective Rabi frequency between ͉ggn͘ and ͉een͘,
where ⍀ is given by Eq. ͑4͒, and where L n 1 are the generalized Laguerre polynomials
The effective Rabi frequency is no longer independent of the vibrational quantum number n, and the internal state becomes entangled with the vibrational motion, resulting in a nonideal performance of the gate ͓9͔. FIG. 4 . Population of the EPR state (1/ͱ2)(͉gg͘Ϫi͉ee͘) near the optimum. The full line is obtained by a numerical integration of Hamiltonian ͑5͒ and the dashed line is the product of the expression in Eq. ͑16͒ and the expression for the fidelity obtained from Eq. ͑10͒. The parameters are the same as in Fig. 3͑b͒ .
To illustrate the effect of deviations from the Lamb-Dicke approximation, we consider again the production of an EPR state (1/ͱ2)(͉gg͘Ϫi͉ee͘). With an n-dependent coupling strength the fidelity is
where P n is the initial population of the vibrational state n.
In Fig. 5 we show the evolution of the fidelity predicted by Eq. ͑19͒, and obtained by a direct integration of the full Hamiltonian in Eq. ͑3͒. Due to the deviation from the LambDicke approximation, the effective Rabi frequency is reduced ͓cf., Eq. ͑17͔͒, and the optimal gate performance is achieved with a duration that is longer than /(2⍀ ). The spreading of the values of ⍀ n , causes entanglement with the vibrational motion which reduces the fidelity. With the parameters in Fig. 5 , the maximally obtainable fidelity is 0.92 obtained after a pulse of duration Ϸ1.9/⍀ . With more than two ions, the time evolution of the system may be obtained by expanding the initial state ͉gg•••g͘ on eigenstates of the J y operator:
͑20͒
In the J y basis, the propagator ͑7͒ is diagonal and in the weak-field regime "F(t), G(t)…Ϸ0, with n-dependent coupling strengths, we obtain the fidelity
͑21͒
In the limit of many ions (Nӷ1), and near the optimum (⍀ n tϷ/2) we may approximate this expression by assuming that k is a continuous variable and by replacing the binominal coefficient by a Gaussian distribution with the same width. In this limit the fidelity becomes
.
͑22͒
Expanding this expression to lowest order in , and adjusting the pulse duration to take into account the reduction in the coupling strength, we find, to lowest order in ,
at the optimum time
where n and Var(n) are the mean and variance of the vibrational quantum number. In Eqs. ͑22͒ and ͑23͒ we have replaced a quantity N 2 following from the Gaussian approximation to Eq. ͑21͒ by N(NϪ1). With this substitution Eqs. ͑22͒ and ͑23͒ describe the fidelity well for all values of N. With the parameters of Fig. 5 , Eq. ͑23͒ yields Fϭ0.88, which is in good agreement with the numerical result in the figure.
Equations ͑17͒-͑23͒ were derived for weak fields, but they also provide an accurate description of the system outside this regime. To show this we note, that with bichromatic light, H int in Eq. ͑3͒ may be written as
in the interaction picture with respect to H 0 . An expansion of the trigonometric functions in this Hamiltonian leads to Eq. ͑5͒, which formed the basis of the discussion in Sec. II. The term proportional to J x is suppressed because it is far off resonance. The lowest-order contribution of this term was treated in Sec. II and we shall now consider corrections to the J y term which may have significant effects. In the interaction picture with respect to the lowest-order Hamiltonian ͓Eq. ͑6͔͒, x and p are changed into xϩJ y G(t) and p ϪJ y F(t), and to lowest nonvanishing order in the interaction picture Hamiltonian is
where
Evolution of the population of the EPR state (1/ͱ2)(͉gg͘Ϫi͉ee͘) for a vibrational thermal state with an average of five vibrational quanta and ϭ0.20. The dotted line is the prediction from Eq. ͑19͒, and the solid line is the result of a numerical integration of the Hamiltonian ͑3͒ with parameters ⍀ϭ0.02 and ␦ϭ0.9. The discrepancy between the two curves at ⍀ tտ2 is due to additional off-resonant couplings which may be taken into account by multiplying the coupling strength by 2/(ϩ␦) ͑dashed curve͒ ͓5,6͔.
and where we have used that F(t) and G(t) are proportional to . To calculate the effect of the Hamiltonian in Eq. ͑26͒, we note that the propagator
is consistent with the Hamiltonian ͑26͒ until order 5 , i.e.,
͑But the full Hamiltonian contains terms of order 4 and 5 , which are not taken into account in U 3,int . These terms are included below.͒ We are interested in the propagator at times ϭK2/(Ϫ␦) where the vibrational motion is returned to the initial state. At these instants the exponents in Eq. ͑28͒ vanish, and the propagator reduces to U 3 ()ϭ1 such that it has no influence on the internal state preparation.
Expanding the Hamiltonian to order 6 we obtain the propagator to the same order in in the interaction picture with respect to H 0 in Eq. ͑3͒:
valid at times ϭK2/(Ϫ␦). The first exponential provides the time evolution with the modified effective Rabi frequency in Eq. ͑17͒. If we evaluate propagator ͑29͒ in the weak-field regime, the last two exponentials both vanish in the limit of large K when requirement ͑11͒ is inserted, and the time evolution in Eq. ͑29͒ is consistent with Eqs. ͑17͒-͑23͒. The last two exponentials are also of minor importance for a different reason: In Eq. ͑17͒, 2 appears in the combination 2 n, whereas it appears as 2 in the last two exponentials of Eq. ͑29͒ when condition ͑11͒ is inserted. In situations where deviations from the Lamb-Dicke approximation are important, 2 nϳ1, the deviation is typically caused by a high value of n rather than a large value of ( 2 Ӷ1). In this case one may neglect the last two exponentials, and the effect of the non-Lamb-Dicke terms are the same as in the case of weak fields as described by Eqs. ͑17͒-͑23͒. To achieve the optimum operation of the gate with the parameters of Fig. 5 , we have to ensure ⍀ Ϸ1.9, and there is a small correction to the condition in Eq. ͑11͒.
IV. EXTERNAL DISTURBANCES
So far we have considered a system described by Hamiltonian ͑3͒, where only the center-of-mass motion is present in the ion trap, and where the coupling of this mode to the surroundings is neglible. In this section we shall remove these two assumptions, and consider the decrease in fidelity due to the presence of other modes in the trap and due to heating of the center-of-mass vibrational motion.
A. Spectator vibrational modes
With N ions in the trap, the motional state is described by 3N nondegenerate vibrational modes. With a proper laser geometry or if the transverse potential is much steeper than the longitudinal potential, the coupling of the laser to transverse modes will be neglible, and the only contribution is from the N longitudinal modes. With N vibrational modes the ion trap may be described by the Hamiltonian
where l and a l † and a l are the frequency and ladder operators of the lth mode. The excursion of the ith ion in the lth mode is described by the Lamb-Dicke parameter i,l , which may be represented as i,l ϭ(ͱNb i l /ͱ l /), where and refer to the center-of-mass mode as in the previous sections, and where b i l obeys the orthogonality conditions ͚ iϭ1
The center-of-mass mode (lϭ1), which is used to create the entangled states of the ions, has b i 1 ϭ1/ͱN for all ions, and is well isolated from the remaning NϪ1 vibrational modes lϾ1 уͱ3, so that we could neglect the contribution from the other modes in the previous sections. In this section we shall extimate the effect of the presence of the spectator modes. They have both a direct effect, due to the off resonant coupling to the other modes, and an indirect ''DebyeWaller'' effect ͓11͔ because the coupling strength of the center-of-mass mode is reduced due to the oscilations in the spectator modes. Below we shall calculate the direct and indirect effects separately.
The lowest-order contribution of the direct coupling to the spectator modes may be found by expanding the exponentials as in Eq. ͑5͒,
where f l (t)ϭϪͱ2⍀ͱ/ l ͓cos( l Ϫ␦)tϩcos( l ϩ␦)t͔ and g l (t)ϭϪͱ2⍀ͱ/ l ͓sin( l Ϫ␦)tϩsin( l ϩ␦)t͔, and where the internal and external state operators are defined by ⌰ l ϭͱN ͚ iϭ0 N b i l j y,i and x l ϭ(1/ͱ2)(a l ϩa l † ) and p l ϭ(i/ͱ2) ϫ(a l † Ϫa l ). Since the ladder operators for different modes commute, we may find the propagator for this Hamiltonian using the steps that lead to Eq. ͑7͒:
with the functions F l , G l , and A l defined analogously to Eq. ͑8͒. Note that this is an exact solution of Hamiltonian ͑31͒ without the J x term, so that to lowest order in the LambDicke parameter it includes all effects of the coupling to the other modes. From the definition of ⌰ l it is seen that ⌰ 1 ϭJ y and the propagator U 1 reduces to Eq. ͑7͒ in the rotating-wave approximation. The other NϪ1 propagators in Eq. ͑32͒ cause a reduction of the fidelity due to the excursion into the x l p l phase space of these modes. Expanding the exponentials,
and ␦Ϸ, and averaging over time we find
where n l is the mean vibrational excitation of the lth mode. In addition to the direct coupling to the spectator vibrational mode, the fidelity is also reduced because the coupling strength is dependent on the vibration of the other modes. Unlike the direct coupling discussed above, this effect is not suppressed by the other modes being far off-resonant, and it may have an effect comparable to the direct coupling.
Due to the vibration of the ions, the coupling of the ith ion to the sideband is reduced from
With this reduced coupling strength the effective propagator at times ϭK2/( Ϫ␦) may be described by
where ⌳ϭ ͚ iϭ1 N j y,i "1Ϫ ͚ lϭ1 N i,l 2 (n l ϩ1/2)…. In the CiracZoller scheme ͓4͔, the n-dependent ac Stark shifts caused by coupling to other vibrational modes lead to decoherence, unless these modes are cooled to the ground state. In our bichromatic scheme, these internal state level shifts depend much less on the vibrational excitation. By expanding Eq. ͑35͒ around the optimum A(t)Ϸ/2, we calculate the lowest-order reduction in the fidelity:
͑36͒
The expressions in Eqs. ͑34͒ and ͑36͒ may be simplified if the vibrational motion is in a thermal equilibrium at a given temperature. In a thermal state Var(n l )ϭn l 2 ϩn l , n l n l Ј ϭn l n l Ј for l lЈ, and n l рn 1 / l , and using these expressions we find the lower estimate for the fidelity,
for the direct coupling ͓Eq. ͑34͔͒, and
for the Debye-Waller coupling ͓Eq. ͑36͔͒, where the sums 1 ••• 6 may be derived from Eqs. ͑34͒ and ͑36͒. For example 3 (N)ϭ ͚ lϭ1 N ( 4 / l 4 ). With the mode functions and frequencies of Ref. ͓10͔, these sums are readily evaluated, and the results are shown in Fig. 6 . From the figure it is seen that 5 , 6 Ӷ 3 , 4 , so that the last term in Eq. ͑38͒ may be neglected. All the sums have a very rapid convergence, and we may estimate the fidelity by replacing the sums with their large N values, i.e., for the Debye-Waller coupling ͓Eq. ͑36͔͒. We note that Eq. ͑40͒ is derived from terms beyond the Lamb-Dicke expansion, and it incorporates the reduction of fidelity due to deviations from the Lamb-Dicke approximation in the center of mass mode, cf. the formal similarity of Eqs. ͑40͒ and ͑23͒.
B. Heating of the vibrational motion
An ion trap cannot be perfectly isolated, and the vibration of the ions will be subject to heating due to the interaction with the environment. Relaxation due to the interaction between the vibration and a thermal reservoir may be described by the master equation
where L() is of the Lindblad form,
͑42͒
with relaxation operators C 1 ϭͱ⌫(1ϩn th )a and C 2 ϭͱ⌫(n th )a † , where ⌫ characterizes the strength of the interaction, and n th is the mean vibrational number in thermal equilibrium.
We calculate the effect of heating assuming that the ions remain in the Lamb-Dicke limit. Changing to the interaction picture with respect to Hamiltonian ͑6͒, the time evolution of is entirely due to the heating, i.e., the Lindblad terms which are transformed using propagator ͑7͒:
The density matrix is most conveniently expressed in the basis of J y eigenstates, and by tracing over the vibrational states we find the time derivative of the internal state density matrix in the interaction picture:
This equation is readily integrated, and at times ϭK2/(Ϫ␦) we obtain
͑45͒
The initial state is expanded on the J y eigenstates as in Eq. ͑20͒, and the population of the initial state ͑which is ideally constant in the interaction picture͒ equals
ͪ .
͑46͒
For two ions this expressions can be readily evaluated:
In the limit of many ions (Nӷ1) and short times (͓⌫(1 ϩ2n th )/4K͔Ӷ1), we may again approximate the expression in Eq. ͑46͒ by assuming that j and k are continuous variables, and by replacing the binomial coefficients by Gaussian distributions with the same width. In this limit the fidelity becomes 
4K
͑48͒
For two ions the deviation between Eqs. ͑47͒ and ͑48͒ is less than 0.02 for all values of F larger than 0.5. In the above expressions we have assumed the LambDicke approximation. This corresponds to a situation where the heating is counteracted, for example by laser cooling on some ions reserved for this purpose. If the ions are not cooled the heating will proceed toward high vibrational numbers with a heating rate ⌫n th , and the heating will eventually take the ions out of the Lamb-Dicke limit. With strong fields (Kϳ1) the reduction in the fidelity described by Eq. ͑48͒ will ruin the entangled state before the heating has made a significant change to the vibrational state (⌫n th տ1). For weak fields (Kӷ1), however, the situation is different. With weak fields one may produce an entangled state even though the time required to entangle the ions is much longer than the decoherence time of the vibrational motion which is used to communicate between the ions, i.e., if KϾN⌫n th the effect of heating is small even though the change in the average vibrational number ⌫n th is larger than unity ͓5,6͔. Since the effective Rabi frequency has a small dependence on the vibrational quantum number n, as described in Eq. ͑17͒ the heating will have an indirect effect on the internal state preparation. This can be modeled by changing the probabilities in Eqs. ͑19͒, ͑21͒, and ͑22͒ into time-dependent functions P n (t) reflecting the change in the vibrational motion occurring during the internal state preparation.
V. CONCLUSION
In this paper we have evaluated the possibility for preparation of entangled states of ions by illumination with bichromatic light. We have identified two regimes: ͑i͒ a weak-field regime where single-photon absorption is suppressed and where two-photon processes interfere in a way that makes the internal state dynamics insensitive to the vibrational state, and ͑ii͒ a strong-field regime where the individual ions are coherently excited and the motional state is highly entangled with the internal state until all undesirable excitations are deterministically removed toward the end of the interaction.
We have presented analytical estimates for the fidelity of the internal state preparation. These expressions are summarized in Table II . The expressions for the fidelity may be readily applied to experimental parameters and they show that several ion trap experiments today are in a position to apply our proposal directly. In fact, using our proposal the NIST group at Boulder has been able to produce the maximally entangled state (1/ͱ2)(͉gggg͘Ϫi͉eeee͘) with four ions ͓12͔. In this experiment the heating of the center-ofmass mode was so strong that this mode could not be used to communicate between the ions. Instead the experiment used an asymmetric mode where all ions have the same amplitude but a different sign, i.e., ͉ i ͉ are the same for all ions i. Apart from the center-of-mass mode such modes only exist in ion traps containing two or four ions, and the experiment could not go beyound four ions. In other existing traps the heating is much less significant ͓13͔, and these traps may be employed to produce entangled states with more particles.
The use of ancillary degrees of freedom ͑center-of-mass position and momentum͒ to communicate between two or more quantum systems is a key ingredient of quantum information processing. The algebraic property ͓Eq. ͑2͔͒ which allows coupling and temporary entanglement with such an ancilla may find wide applications in many different systems for quantum computation with different ancillae ͑photons, phonons, Cooper pairs, etc.͒. However, operators with a constant non-vanishing commutator ͓which allows the formal step from Eq. ͑1͒ to Eq. ͑2͔͒ only exist in infinitedimensional Hilbert spaces ͓14͔. In addition to the implementation in cavity QED realizations of quantum computing ͓15-17͔, where quantized cavity fields play the role of the vibrational modes, it thus seems very relevant to investigate to what extent the ideas underlying Eq. ͑2͒ can be generalized to ancillae with a finite number of states and, e.g., for communication across a linear qubit register by only nearestneighbor interaction. 
